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We construct the quasi probability distribution W(p, q) on even dimensional vector space with 
marginality and invariance under the transformation induced by projective representation ol the 
group Sp(2, Z) whose elements correspond to linear canonical transformation. 

On even dimensional vector space, non-existence ol such a quasi probability distribution whose 
arguments take physical values was shown in our previous paper(Phys.Rev.A65 032105(2002)). For 
this reason we study a quasi probability distribution W(p, q) whose arguments q and p take not 
only N physical values but also N unphysical values, where N is dimension ol vector space. It is 
shown that there are two quasi probability distributions on even dimensional vector space. The one 
is equivalent to the Wigner lunction proposed by Leonhardt, and the other is a new one. 



I. INTRODUCTION 

In quantum mechanics, as is well-known, we cannot 
define probability distribution function on phase space 
with which observed values for any operators are equal to 
the weighted average. At the expense of taking a negative 
value, we can define the function W(q,p) which resembles 
probability distribution on phase space. Such a function 
was presented by Wigner in 1932 IIS and called Wi gncr 
function, which is defined as: 



W(q,p) = Tr 



(i) 



where p is a density matrix and A(q,p) is the Fano op- 
erator given by 



dr 



It is easily checked that the Fano operator satisfies two 
properties, marginality 



A(q,p)dp=\q)(q\, 
A(q,p)dq = \p)(p\, 



(2) 



and covariance under the linear canonical transforma- 
tion, 

A'(q',p') = U h M<l',P')UL 

= A(5q'-(ip',- 1 q' + ap l ), (3) 

where Uh c is unitary operator for linear canonical trans- 
formation, 



q' = Uh c qUl c =aq + pp, 
p' = UhJUl = jq + 6p, 



q = Sq' - /3p', ,^ 
p = -7<f + ap, 
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and 2x2 matrix h c is an element of group Sp(2, 
S P (2,R) 



This covariance of the Fano operator means the invari- 
ance of the Wigner function under changing the la- 
bel of a point on phase space from (q,p) to (q',p') — 
(aq + f3p, 75 + dp) ; 

W'(q',p') = Tr [A' (q',p')p 

= Tr A(5q' — Pp , —jq' + ap)p 

= W(Sq' - (3p', ~ iq ' + ap') = W(q,p), 

so, we are mainly concerned with covariance of the Fano 
operator, rather than invariance for the Wigner function. 
From marginality, we obtain the equation 



q n &(q,p)dqdp 



(5) 



Applying the similarity transformation by the unitary 
operator J7h c to both sides of eq.(JS|), we can find that 
the integration of the Fano operator multiplied by q n p m 
over phase space is equal to the Weyl ordering products 
(q n p m ) w of operator q n p m which is given by 



(aq + (3p) 

K 

E 



1\K 



k=0 



K \ K-k pi : !\ -A A , 
k 1 



k f3 k (q K - k p k \ 



This equation teaches us that the expectation value of 
Weyl ordered operator (q n p m ) w for the density matrix 
p is equivalent to the "weighted average" of q n p m with 
respect to the Wigner function, 

/oo 
q n p m W(q,p)dqdp. 
-co 

Conversely, in our previous paper 0, it is shown that the 
Fano operator is uniquely determined if it is a continuous 



2 



operator of q and p and satisfies the above two properties, 
namely, marginality eq.© and covariancc eq.® under 
the linear canonical transformation. Other methods how 
to determine the Wigner function or the Fano operator 
uniquely are studied in literatures [3[ and [^. 

For the quantum system on the finite vector space, we 
investigated the same problems as on one-dimensional 
quantum system in the paper [2j and found that the 
Wigner function with properties corresponding to the 
above two properties exists uniquely on odd dimensional 
vector space and that it does not exist on even dimen- 
sional vector space. 

For even dimensional vector space, Leonhardt pro- 
posed the Wigner function W(q,p) which resembles the 
one for the one-dimensional quantum system, although 
variables q and p take integers related to eigenvalues 
of corresponding operators and half-integers between 
and N — | 5]. We can check that the Fano operator 

A^ L ) for this Wigner function satisfies the covariance and 
marginality, 



(l) ( „ J l?X?l tee^jv) 



E A«( ? , P ) = 







N 



(6) 



\p)(p\ (pel N ) 



--TV „ *• v ' 



qexn 



where In and Hn are sets of integers and half- integers 
in right-open interval [0,iV), respectively, 



I N = {0,1,2,- •• ,N-1}, H 



N 



1 3 

2' 2 ! 



2N - 1 



and the set THn is union of Xjv and Hn ■ 

Can we determine the Fano operator on even dimen- 
sional vector space if the above two conditions are im- 
posed? We study this problem in this note. 



II. PREPARATION 

As we cannot have a pair of operators which satisfy the 
usual canonical commutation relation for linear operators 
acting on finite dimensional vector space, we define oper- 
ators which satisfy the similar multiplication rule to one 

of e w « and e lbi > ; 



e iaq e ibp _ & -ihab & ibp & iaq 



Using an orthogonal basis {|0), |1), • • • , \N — 1)} of the 
vector space under consideration, the operators Q and P 
are defined by 



q = E "nWM, 
p= E a^|p)<p|, 

P&In 



(8) 



where \p) is the Fourier transformed vector of \q) 
W = -7W E 



and ujn is a primitive iV-th root of unity, 
uj n = e l ^~ . 

In order to make equations simple, we assume that el- 
ements | q) and \p) satisfy periodical boundary conditions 

|g + JV) = | ? ), \p + N) = \p). 

We can check that these operators to the iV-th power are 
equal to unit matrix 



r = P N = i N , 



(9) 



and that PQ is equal to QP multiplied by ujn 

PQ^lonQP. (10) 

The operators P m Q n , (n, m = 0, 1, 2, • • • , N - 1) are 
linearly independent, because of 

Tr[P k Q l (P m Q n ?] = NS km S ln . 

Since the operator E qq i = can be expressed with 

the expansion 

KneX N ) 

any operators are decomposed into the series of 
P n Q m , (n, m = 0, 1, 2, • • ■ , N — 1) , uniquely. For exam- 
ple, the Fano operator A^(q, p) for the Wigner function 
proposed by Leonhardt on even dimensional vector space 
is expanded in the form, 

^ ' Pf ,q f exn N 
x p- 2 ifQ 2 Pf, (12) 



and the marginal conditions (|6]) and (0 for this Fano 
operator become 

E A(l) (<?,p) 



= ' ^n^/ " " ' " > ( 13 ) 





E A(L) (<^) 



qelHt 



= 1 N 



(14) 
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Instead of the transformation rule Q , we impose the 
transformation rule on operators Q and P 



Q ^U h QUi=a Q {h)P x Q K 
P -> U h PUl = ap(h)P»QV 



(15) 



where h is a 2 x 2 matrix whose elements are given by re, 
A, [i and v in the above equation 



h = 



K /J, 

A v ) ' 



and should be an element of group Sp(2,Z) = S1(2,Z), 
because the unitary transformed operators UhQU^ and 
UhPUh satisfy the same conditions as eq. (fT0|) . From the 
same condition as eq.®, we can determine coefficients 
aQ(h) and ap(h) up to integers Np(h) and Nq(1o), 



ap(h) = 
a Q(h) = 



>-+N P (h) 



-JV Q (h) 



We choose these integers as the followings, 



JV Q (h) _ -ren+ (A-l)n_ 
W 7V — U W N : 
Np(h) — (/i— tm_ 



(16) 
(17) 



Owing to this choice, we can show that the operators 
Q n P m , (n,m £ In) transformed by unitary operators 
Uh and Uh' successively are equal to the operators trans- 
formed by the unitary operator t/hh'5 

UwU h Q n P m Ulul = UwhQ n P m Ul h 

where h and h' are arbitrary elements of the group 
Sp(2,Z). Since any operators are described in series of 
operators Q n P m , the unitary operator Uh'Uh is equiva- 
lent to £/hh' up to phase factor, that is, Uh can be consid- 
ered as a projective unitary representation of the group 
Sp(2,Z), 



U h ,U h = e^ h ' h ')tW 



(18) 



We assume that the Fano operator is covariant under the 
similarity transformation with respect to the Uh] 



U h A(q,p)Ul = A(vq - Ap, -fj,q + up). 



(19) 



@ Then, operator of both Uh'Uh and Uh'h must trans- 
form the Fano operator to same operator; namely, the 
Fano operator with arguments (i/v + X'/jtyq— (y 1 X + X' n)p 
and — (fx'v+K,' (i)q+(fj,' \+k' k)p instead of q andp, respec- 
tively. This fact is ensured by eq. (fT5|) which is derived 
by the choices ((TBJ) and 0. 

In our previous paper [2j, we constructed the Fano oper- 
ator whose arguments take integer only in the case where 
integer Np and Nq are equal to zero. Using the same 
method as was done there, we can show that it is de- 
termined uniquely only if n± — on odd dimensional 



vector space and that it does not exist for any integer n± 
on even dimensional vector space. 

In the next section, we construct the Fano A(q,p) op- 
erators whose arguments q and p take integer and half- 
integer values and which fulfills two conditions, marginal- 
ity and covariance. 



III. CONSTRUCTION OF THE FANO 
OPERATORS 

It is convenient to introduce the Fourier transformed 
Fano operator as follows, 



a fO?/,;P/) 



- E 

27V ^ 



, , 2 <!Pf, -2pif 
N U N 



q,peIH t 



1 

2N 



E 

q,p£TU 2 



2q-2p f -2p-2q t 
UJ 2N UJ 2N 



A(9,p). 



(20) 



Here, qf and pf take integer and half-integer values, so 
this definition is equivalent to discrete Fourier transfor- 
mation with period 2N. The marginality eq. (|13|) and 
(fl4l) are cast into the simple form 



A F (0, Pf ) = — Q 2 « 



A F (q f ,0) 



_ p-2g/ 
27V 



(21) 
(22) 



From the covariance eq. (fl"9j) , we get the restriction to the 
Fourier transformed Fano operator by explicit calcula- 
tion, 

UhA F (q f ,p f )ul = A F (vq f - Xp f ,-fiq f + np f ). (23) 

Now, we find the Fourier transformed Fano operator 
at arbitrary point (qf,Pf),(c[f Pf € I%n)- Because 
the A F (pf,qj) is periodic operator with period N and K 
and A of integer parameters in the transformation cq. f| 15[) 
should be relatively prime to each other because of the 
relation kv — Xfi = 1, we make three integers K, A and £ 
from pf and qf , 



£k = 2p f 
£A = 2q f 



2N 



2N 



2p f 



N 



2q f 



N 



where £ is the greatest common divisor of 2pf — 2N 



(24) 



2pj_ 

N 



2qj 



N 



which take values between and 



and 2q f - 2N 

2N - 1. From eq.([23]), we have 

U Hq f ,p f )^F (0, ~) Ul [qf>pf] ( 2 . 2 

where h(g/,p/) is an element of Sp(2, Z) and is given by 
h (<lf,Pf) 
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where [x and v are any integers which satisfy the relation 
kv — Afi = 1 for k and A defined by eq.([23]). The right 
hand side can be estimated by the transformation rule 
eq.(fT5"j) and marginality condition (|^T|) 



2JV W 
and we get 



2 ' 2 



2iV 



(25) 

For the clement h-|- = ( J of Sp(2, Z), we have 



A F 0,± 



1 _ 

2iV w 



£(«_±n+) A±£ 



which is consistent with the marginality condition (1211) if 
rt_ ±n + is equal to the integral multiple of N. Therefore, 
we may get the Fano operator satisfying marginality and 
covariance if we choose the projective unitary represen- 
tation of Sp(2,Z) with n + = n_ = integer x N or with 
n + = n_ = y + integer x N in the case where N is even 
number. 

First, we study the case with n + = n_ = ^ + integer x 



N. Then, eq. ([25|) becomes 



I ;(«-i)(A-i)f 



N 



^P« a Q€ k , 



1 { 2 Ki „ 



We can obtain the second equality, taking account of the 
fact that both integers re and A are not even because of 
the condition kv — X/i = 1 and that (re — 1)(A — 1) is an 
even number. Returning variables £, re and A to pf and 
q/ by use of eq. ([24|) . we have 

A F (q f . Pf ) = ^J N p ^p-^Q^, (26) 

which is equivalent to the Fano operator proposed by 
Leonhardt in eq. (fT2|) . 

Second, we investigate the case with n+ = n_ = 
integer x N. Then, equation ([23)1 becomes 



A£ < 
2 ' 2 



-g z ^A(iV-l) 



-U) 



N 



2N 



J N 



1 e-KA(iV-l) „ 



"P« A Q« K 

(27) 



Since £(£ — 1) is even number and the factor 
in the first equality is equal to unity, we get the second 
equality. Using eq. (l2"4"l) . we can replace the variables £A 



and £re to qf and pf, respectively and we obtain the op- 
erator Ai?(g/,p/) for arbitrary points (qf,pf), 

A F ( Pf ,q f ) = ^u-W-^'Vp-^ftf*', (28) 

which is different from the Fano operator by Leonhardt 
only when variables pf and qf are half-integers. In this 
case, it is not used that dimension of the vector space un- 
der consideration is an even number, so far, and we can 
find the Fano operator for odd dimensional vector space 
from the above equation, although what we want to find 
is the Fano operator on even dimensional vector space. 
Let us transform the operator Kp{pf,qA to A(q,p) by 
inverse transformation of eq. (j2"0)l . Noting that the inte- 
gers 2pf and 2qj take values between zero and 2N — 1 
and that the same operator P m Q n appears four times in 
the summation by P f and qf, we have 



1 ( 

v ' m,n=0 v 



-qN 



N(N-l) 

x I 1 + <^N U N 



XUJ 



N 



-nm -qn pm p-m/\n 



(29) 



For odd dimensional vector space, eq.([29| becomes 



1 



N-l 



A(<z,p) = }^ u n 

m.n—0 



-nm —qn pm 



p- m Q n (q,p€l. 




N 



(q £ X N , or p £ X, 



N 1 



(30) 



Thus, extension to the Fano operator on XT-Ln has no 
meaning and it reduces to the Fano operator proposed 
by Cohendet et al.Q and constructed in our previous 
paper 0. 



IV. SUMMARY AND DISCUSSION 

In this note, we constructed the Fano operator which 
satisfies marginality and covariance under unitary trans- 
formation like linear canonical transformation for one di- 
mensional quantum system. We considered the projec- 
tive unitary representations which are characterized by 
two integer-valued variables n + and n_ as the unitary 
operator to cause this transformation. It was shown that 
there are the Fano operator with these properties for only 
two cases. The one is for n + = n_ = ^ +N x integer and 
the other is for n + = n_ = N x integer. For both cases, 
we could uniquely determine the Fano operator which is 
equivalent to the one given by Leonhardt in eq. tfn?]) for 
the former case and which is new one for the latter case. 

Finally we consider the relation between "weighted av- 
erage" of function of q and p with the Wigner function 
and expectation value of operators. It is sufficient to 
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investigate expectation values of operators Q m P n , be- 
cause any operators are expanded in series of those oper- 
ators. We use the same method as is explained for one- 
dimensional quantum system in the Section [I] We start 
with expectation value of operator Q*. From marginality 
eq. (fl"3| . we have 

£ w £A( g ,p) = #. 

Applying the similarity transformation by the unitary 
operator Uh to the above equation, we obtain 

J2 w#A(i/g - Xp, -M9 + itp) = (UhQUl) , 

q,peXH N 



E 



q',p' ETW.X 

tA(W-l) 



(ft<j'+Ap')£ a / / /\ 



AT 



(31) 



Here, we change the integers p and q for summation to 
p' and defined by 



-fi K ) \ p 

K X 
fl v 



( m Q 


) 






♦( 


m 




m 



N 



N 



where m p and m q are integer part of ratios of vq — Xp 
and — fj,q + nq to N, respectively. 

Using that 1) and (k— 1) are even numbers, 

and replacing £k and £A by a and b, we obtain 



E 



q,p£TU N 
( 1 - 1 
J 



J^A(q,p) 

ab P b Q a (n± = N x integer) 



uj n 2 P b Q a (n± = f + N x integer) 



. (32) 



that is, in term of the Wigner function, we have 



£ {LU%f{^ N ) b W{q,p) 
q.peiUN 



Tr 



Tr 



Q 2 P°Q 2 p ( 



(n± = x integer) 



Q%P b Q%p 



N 
2 



JV x integer) 



where the Wigner function for density matrix /5 is defined 
by similar equation to eq.([T]) for one-dimensional quan- 
tum system. From eq.®, we can regard the variables uj q N 
and ui p N as classical variables corresponding to quantum 
operators Q and P, respectively. So the above equa- 
tion tells us the operator ordering of quantum quantities 
whose expectation can be calculated using the Wigner 
function. We derived the eq. (l32l) in the roundabout sort 
way in order to see the relation between the covariancc 
and operator ordering. These equations are same ones as 
eqs. (pp]) and (J25|, as was pointed out in the paper [7]. 

In this note, we have investigated the covariance of 
Fano operators for the group Sp(2, Z). It is also natural 
to consider the covariance for Sp(2,Zjv) where Z^v is the 
cyclic group of order N. The origin of the latter group 
and the group theoretical treatment of the covariance will 
be discussed elsewhere. 
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